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Problems 1

1.1 Substituting the operatorsp = −i h̄∇ andE = i h̄∂/∂t into the mass-energy relation
E2 = p2c2 + M2c4 and allowing the operators to act on the functionφ(r , t), leads
immediately to the Klein-Gordon equation. To verify that the Yukawa potentialV(r )
is a static solution of the equation, setV(r ) = φ(r ), wherer = |r |, and use

∇2 =
∂2

∂r 2
+

2

r

∂

∂r

together with the expression for the range,R = h̄/Mc.

1.2 Using the relations (1.11), gives

P̂Y1
1 =

√

3

8π
sin(π − θ )ei (π+φ) = −

√

3

8π
sin(θ )eiφ = −Y1

1 ,

and henceY1
1 is an eigenfunction of parity with eigenvalue−1.

1.3 Because the initial state is at rest, it hasL = 0 and thus its parity is
Pi = Pp Pp̄(−1)L = −1, where we have used the fact that the fermion-antifermion
pair has overall negative intrinsic parity. In the final state, the neutral pions are
identical bosons and so their wavefunction must be totally symmetric under their
interchange. This implies even orbital angular momentumL ′ between them and
hencePf = P2

π (−1)L ′ = 1 �= Pi . The reaction does not conserve parity and is thus
forbidden as a strong interaction.
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1.4 SinceĈ2 = 1, we must have

Ĉ2 |b, ψb〉 = CbĈ
∣

∣b̄, ψb̄

〉

= |b, ψb〉 ,

implying that

Ĉ
∣

∣b̄, ψb̄

〉

= Cb̄ |b, ψb〉

with CbCb̄ = 1 independent ofCb. The result follows because an eigenstate ofĈ
must contain only particle-antiparticle pairsbb̄, leading to the intrinsic parity factor
CbCb̄ = 1, independent ofCb.

1.5 Under C-conjugation, ĈA(r , t) = Cγ A(r , t), where Cγ is the C-parity of the
photon. But we also havêCE(r , t) = −E(r , t), because electric charges change sign.
Thus, if the equationE = −∂A

/

∂t is invariant under charge conjugation,Cγ = −1.

1.6 The electric dipole moment is the expectation value of the operatord =
∑

i qi r i and
is a vector. Thusd ∝ J, the angular momentum, and sinceJ changes sign under time
reversal (classicallyJ = r × p), so doesd, whereas the electric fieldE does not. Thus
the interaction energyd · E can only be invariant under time reversal ifd ≡ 0.

1.7 From Equations (1.73) and (1.74), we have

R =
dσ (pp → π+d)/d�

dσ (π+d → pp)/d�
=

(2sπ + 1)(2sd + 1)

(2sp + 1)2
p2

π

p2
p

|Mif |2

|Mfi|2
.

By detailed balance, the two spin-averaged squared matrix elements are equal, and
so, usingsp = 1

2 andsd = 1, gives the result.

1.8 The parity of the deuteron isPd = Pp Pn(−1)L pn. Since the deuteron is an S-wave
bound state,L pn = 0 and so, usingPp = Pn = 1, givesPd = 1. The parity of the
initial state is therefore

Pi = Pπ− Pd(−1)Lπd = Pπ− ,

because the pion is at rest and soLπd = 0. The parity of the final state is

Pf = Pn Pn(−1)Lnn = (−1)Lnn

and thereforePπ− = (−1)Lnn. To find Lnn impose the Pauli principle condition that
ψnn = ψspaceψspin must be antisymmetric. Examining the spin wavefunctions (1.17)
shows that there are two possibilities forψspin: either the symmetricS = 1 state or
the S = 0 antisymmetric state. IfS = 0, thenψspacewould have to be symmetric,
implying Lnn would be even. But the total angular momentum would not then be
conserved. ThusS = 1 is implied andψspace is antisymmetric, i.e.Lnn = 1, 3, · · ·
The only way to combineLnn and S to give J = 1 is with Lnn = 1 and hence
Pπ− = −1.

1.9 aaaaaa(a) ν̄e + e+ → ν̄e + e+;

(b) p + p → p + p + π0 + π0;

(c) p̄ + n → π− + π0 + π0, π− + π+ + π−.
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1.10 aaaaaa(a) νe + νµ → νe + νµ

Z0

µ µ

ee

Figure F.1

(b) e+ + e− → e+ + e−

e- e-

e+ e+

e-e-

e+ e+

Figure F.2

(c) γ + γ → e+ + e−

e+

e+

e+

e-

e-

Figure F.3

1.11 If an exchanged particle approaches to within a distanced fm, this is equivalent to a
momentum transferq = h̄/d = (0.2/d) GeV/c. Thus,q = 0.2 GeV/c for d = 1 fm
andq = 200 GeV/c for d = 10−3 fm. The scattering amplitude is given by

f (q2) = −g2h̄2
(

q2 + m2
xc2

)−1
,

wheremx is the mass of the exchanged particle. Thus,

R(q2) ≡
fEM(q2)

fWeak(q2)
=

q2c2 + m2
Wc4

q2c2 + m2
γ c4

,

sincegEM ≈ gWeak. Usingmγ = 0 andmW = 80 GeV/C2, gives

R(0.2 GeV/c) = 1.60× 105 and R(200 GeV/c) = 1.16.

1.12 Using spherical polar co-ordinates, we have

q · r = qr cosθ and d3r = r 2dr d cosθ dφ,
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whereq = |q|. Thus, from (1.47),

M(q2) =
−g2

4π

2π
∫

0

dφ

∞
∫

0

dr r 2 e−r R

r

+1
∫

−1

d cosθ exp(iqr cosθ/h̄) =
−g2h̄2

q2 + m2c2
.

1.13 Let one of the beams (labelled by 1) refer to the ‘beam’ and let the other beam
(labelled by 2) refer to the ‘target’. Then in (1.62),

nb = nN1/2πRA and υi = 2π R/T,

whereR is the radius of the circular path. Thus the flux is

J = nbυi = nN1 f/A,

where f is the frequency. AlsoN = N2, so finally the luminosity is

L = JN = nN1N2 f/A.

1.14 From (1.57c),σ = WMA/I (ρt)NA. Since the scattering is isotropic, the total number
of protons emitted per second from the target is

W = 20× (4π/2 × 10−3) = 1.25× 105 s−1.

I can be calculated from the current, noting that the alpha particles carry two units of
charge, and isI = 3.13× 1010 s−1. The density of the target isρt = 10−32 kg fm−2.
Putting everything together givesσ = 161 mb.

1.15 Write

σ =
8πα2

3m2
e

h̄acb

and impose the dimensional condition [σ ] = [L]2. This givesa = −b = 2 and hence

σ =
8πα2(h̄c)2

3(mec2)2
.

Evaluating this givesσ = 6.65× 10−29 m2 = 0.665 mb.

Problems 2

2.1 From Equation (2.22), the accuracyA is given byA ∝
(

t
√

N
)−1

, wheret = Tobs.

For radioisotopes,N ∝ exp(−λt), with λ = ln 2/t1/2, wheret1/2 is the half-life. Thus,

A ∝
1

t
exp

(

t ln 2

2t1/2

)

,

which has a maximum att/t1/2 ≈ 2.9.

2.2 From (2.32), the form factor is

F(q2) = 3[sinb(a) − b(a) cosb(a)]b−3,
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whereb = qa/h̄. To evaluate this we need to finda andq. We can find the latter from
Figure F.4.

pi

pf q

/2

Figure F.4

Using p = |pi | =
∣

∣p f

∣

∣ andq = |q|, gives

q = 2p sin(θ/2) = 57.5 MeV/c.

Also, we know thata = 1.21A1/3 fm and so for A = 56, a = 4.63 fm and
qa/h̄ = 1.35 radians. Finally, using this in the expression forF , gives F = 0.829
and hence the reduction isF2 = 0.69.

2.3 Settingq = |q| in (2.37), we have

F(q2) =
1

Ze

∫

f (r )
∞

∑

n=0

1

n!

(

irq cosθ

h̄

)n

d3r .

Using d3r = r 2d cosθ dφdr and doing theφ integral, gives

F(q2) =
2π

Ze

∫∫

f (r )r 2

[

1 +
iqr cosθ

h̄
−

q2r 2 cos2 θ

2h̄2 + . . .

]

dr d cosθ

=
4π

Ze

∞
∫

0

f (r )r 2dr −
4πq2

6Zēh2

∞
∫

0

f (r )r 4dr + . . . .

But from (2.28),

Ze= 4π

∞
∫

0

f (r )r 2dr

and from (2.36)

Ze
〈

r 2
〉

= 4π

∞
∫

0

f (r )r 4dr,

so

F(q2) = 1 −
q2

6h̄2

〈

r 2〉 + · · ·

2.4 From (2.39),
〈

r 2
〉

= 6h̄2[1 − F(q2)]/q2,
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where

q = 2(E/c) sin(θ/2) = 43.6 MeV/c

Also, F2 = 0.65 and so
√

〈

r 2
〉

= 4.88 fm.

2.5 The charge distribution is spherical, so the angular integrations in the general result
(2.28) may be done, giving

F(q2) =





∞
∫

0

ρ(r )[sin(qr/h̄)/(qr/h̄)]4πr 2dr









∞
∫

0

ρ(r )4πr 2dr





−1

.

Substituting forρ(r ), settingx = r/a and using
∫ ∞

0 x exp(−x) dx = 1, gives, after
integrating by parts (twice),

F(q2) =
(

h̄

qa

)

∞
∫

0

e−x sin

(

qax

h̄

)

dx =
1

(

1 + q2a2/h̄2
) .

2.6 In 1 g of the isotope there are initially

N0 = (1 g/208× 1.66× 10−24 g) = 2.9 × 1021 atoms.

At time t there areN(t) = N0e−t/τ atoms, whereτ is the mean life of the isotope.
Providedt ≪ τ , the average decay rate is

N0 − N(t)

t
≈

N0

τ
=

75

0.1 × 24
hr−1.

Thus,τ = 2.4N0/75 hr≈ 1.1 × 1016 yr.

2.7 The count rate is proportional to the number of14C atoms present in the sample. If we
assume that the abundance of14C has not changed with time, and that the artifact was
made from living material and is predominantly carbon, then at the time it was made
(t = 0), 1 g would have contained 5× 1022 carbon atoms of whichN0 = 6 × 1010

would have been14C. Thus the average count rate would have beenN0/τ = 13.8 m−1.
At time t , the number of14C atoms would beN(t) = N0 exp(−t/τ ) and

N(t)/N0 = e−t/τ = 2.1/13.8,

from whicht = τ ln 6.57 = 1.56× 104 yr. The artifact is approximately 16,000 years
old.

2.8 If the transition rate for212
86Rn decay isω1 and that for208

84Po isω2 and if the numbers
of each of these atoms at timet is N1(t) andN2(t), respectively, then the decays are
governed by Equation (2.67), i.e.

N2(t) = ω1N1(0)
[

exp(−ω1t) − exp(−ω2t)
]

(ω2 − ω1)−1 .

The latter is a maximum when dN2(t)/dt = 0, i.e. when

ω2 exp(−ω2t) = ω1 exp(−ω1t),
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with

tmax = ln (ω1/ω2) (ω1 − ω2)−1 .

Using

ω1 = 4.12× 10−2 min−1 and ω2 = 6.56× 10−7 min−1,

givestmax = 268 min.

2.9 The total decay rate of both modes of138
57La is

(1 + 0.5) × (7.8 × 102) kg−1 s−1 = 1.17× 103 kg−1 s−1.

Also, since this isotope is only 0.09 % of natural lanthanum, the number of138
57La

atoms/kg is

N = (9 × 10−4) × (1000/138.91) × (6.022× 1023) = 3.90× 1021 kg−1.

The rate of decays is−dN/dt = ω N, whereω is the transition rate and in terms of
this, the mean lifetimeτ = 1/ω. Thus,

τ =
N

−dN/dt
= 3.33× 1018 s = 1.06× 1011 yr.

2.10 The energy released is the increase in binding energy. Now from the SEMF,

BE(35, 87) = aυ(87)− as(87)2/3 − ac
(35)2

(87)1/3
− aa

(87− 70)2

348
,

BE(57, 145)= aυ(145)− as(145)2/3 − ac
(57)2

(145)1/3
− aa

(145− 114)2

580
,

BE(92, 235)= aυ(235)− as(235)2/3 − ac
(92)2

(235)1/3
− aa

(235− 184)2

940
.

The energy released is thus

E = BE(35, 87)+ BE(57, 145)− BE(92, 235)
= −3aυ − 9.153as + 476.7ac + 0.280aa

which, using the values given in (2.57), givesE = 154 MeV.

2.11 The most stable nucleus for fixedA has aZ-value given by i.e.Z = β/2γ , where
from Equation (2.71),

β = aa + (Mn − Mp − me) and γ = aa/A + ac/A1/3.

Changingα would not changeaa, but would effect the Coulomb coefficient because
ac is proportional toα. For A = 111, using the value ofaa from Equation (2.57) gives

β = 93.93 MeV/c2 and γ = 0.839+ 0.208ac MeV/c2.
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For Z = 47, ac = 0.770 MeV/c2. This is a change of about 10 % from the value
given in (2.57) and soα would have to change by the same percentage.

2.12 In the rest frame of the269
108Hs nucleus,mαυα = mSgυSg, whereυ is the appropri-

ate velocity. The ratio of the kinetic energies in the centre-of-mass is therefore
ESg/Eα = mα/mSg and the total kinetic energy is

Eα

(

1 + mα/mSg
)

= 9.369 MeV.

Thus,

mHsc
2 = (mSg+ mα)c2 + 9.369 MeV= 269.133 u.

2.13 If there areN0 atoms of238
94Pu at launch, then aftert years the activity of the source

will be A(t) = N0 exp(−t/τ )/τ , whereτ is the lifetime. The instantaneous power is
then

P(t) = A(t) × 0.05× 5.49× 1.602× 10−13 W > 200W.

Substituting the value given forτ , givesN0 = 1.88× 1025 and hence the weight of
238
94Pu at launch would have to be at least

(

1.88× 1025

6.02× 1023

)(

238

1000

)

kg = 7.43 kg.

2.14 If there wereN0 atoms of each isotope at the formation of the planet (t = 0), then
after timet the numbers of atoms of205Pb is

N205(t) = N0 exp(−t/τ205), with N204(t) = N0,

so that

N205(t)

N204(t)
= exp

(

−
t

τ205

)

=
n205

n204
= 2 × 10−7

andt = −τ205 ln(2 × 10−7) = 2.4 × 108 y.

2.15 We first calculate the mass difference between
(

p + 46
21Sc

)

and
(

n + 46
22Ti

)

. Using the
information given, we have

M(21, 46)− [M(22, 46)+ me] = 2.37 MeV/c2

and Mn − (Mp + me) = 0.78 MeV/c2

and hence

[Mp + M(21, 46)] − [Mn + M(22, 46)] = 1.59 MeV/c2.

We also need the mass differences

[Mα + M(20, 43)] − [Mn + M(22, 46)] = 0.07 MeV/c2.

We can now draw the energy level diagram where the centre-of-mass energy of the
resonance is (see Equation (2.8)) 2.76× (45/47) = 2.64 MeV.
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47Ti*

d + 21
45Sc

p+ 21
46Sc

n+ 22
46Ti

+ 20
43Ca

10.7 MeV

1.59 MeV
0.07 MeV

2.64 MeV

Q = 6.54 MeV

Figure F.5

Thus the resonance could be excited in the43
20Ca(α, n)46

22Ti reaction at anα particle
laboratory energy of 10.7 × (47/43) = 11.7 MeV.

2.16 We have dN(t)/dt = P − λN, from which

Peλt = eλt

(

λN +
dN(t)

dt

)

=
d

dt

(

Neλt
)

Integrating and using the fact thatN = 0 at t = 0 to determine the constant of
integration, gives the required result.

2.17 The number of35Cl atoms in 1 g of the natural chloride is

N = 2 × 0.758× NA/molecular weight= 7.04× 1021.

The activity

A(t) = λN = P
(

1 − e−λt
)

≈ Pλt, sinceλt ≪ 1.

So

t =
A(t)

Pλ
=

A(t)t1/2

ln 2 × σ × F × N
.

SubstitutingA(t) = 3 × 105 Bq and using the other constants given, yieldst = 1.55
days.

2.18 At very low energies we may assume the scattering hasl = 0 and so in Equation
(1.80) we havej = 1

2, sn = 1
2 andsu = 0. Thus,

σmax =
πh̄2

q2
n

(ŴnŴn + ŴnŴγ )

Ŵ2/4
=

4πh̄2Ŵn

q2
nŴ

,

Therefore,Ŵn = q2
nŴσmax/4πh̄2 = 0.35× 10−3 eV andŴγ = Ŵ − Ŵn = 9.65× 10−3 eV.
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Problems 3

3.1 aaaaaa(a) Forbidden: violatesLµ conservation, becauseLµ(νµ) = 1, butLµ(µ+) = −1.

(b) Forbidden: violates electric charge conservation, becauseQ (left-hand side)= 1,
but Q (right-hand side)= 0

(c) Forbidden: violates baryon number conservation becauseB (left-hand side)= 1,
but B (right-hand side)= 0

(d) Allowed as a weak interaction: conservesLµ, B, Q etc., violatesS. (It also has
�S = �Q for the hadrons – this is discussed in Section 6.5.2.)

(e) Allowed as a weak interaction: conservesLe, B, Q etc.

(f) Forbidden: violatesLµ andLτ

3.2 A possible Feyman diagram is shown in Figure F.6.

e-

W-

+

µ

µ

Z0

e

e

Figure F.6

3.3 From (3.32) we haveL0 = 4E(h̄c)/�m2
ij c

4. Then ifL0 is expressed in km,E in GeV
and�m2

ij in (eV/c2)2, we have

L0 =
4E × (1.97× 10−13) × 1018

�m2
ij

=
E

1.27�m2
ij

km.

3.4 From Equation (3.31a), we have

P(ν̄e → ν̄x) = sin2(2θ ) sin2[�(m2c4)L/(4h̄cE)],

which for maximal mixing (θ = π/4) gives

P(ν̄e → ν̄x) = sin2[1.27�(m2c4)L/E],

whereL is measured in metres,E in MeV, �(m2c4) in (eV/c2)2 and

�m2 ≡ m2(v̄e) − m2(v̄x).

If P(ν̄e → ν̄e) = 0.9 ± 0.1, then at 95 % confidence level, 0.3 ≥ P(ν̄e → ν̄x) ≥ 0
and hence

0 ≤ �(m2c4) ≤ 6.9 × 10−3 (eV/c2)2.

3.5 From the data given, the total number of nucleons isN = 1.1 × 1057 and hence
n = 7.7 × 1038 km−3. Also the mean energy of the neutrinos from reaction (3.38)
is 0.26 MeV, so the cross-section isσ = 1.8 × 10−46 m2. Thusλ ≈ 7 × 106 km, i.e.
about 10 times the solar radius.
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3.6 aaaaaa(a) The quark compositions are:D− = dc; K 0 = ds̄; π− = dū and since the
dominant decay of ac-quark isc → s, we have

W-

d

d
u

-

D -

K 0s

c

s

d

d

d

d
c

u

s

D -

K 0

W-

-

Figure F.7

(b) The quark compositions are:� = sud; p = uud and since the dominant decay
of ans-quark iss → u, we have

d

d

u
u

u
s

W-

e-

e

p

Figure F.8

3.7 aaaaaa(a) This would be a baryon becauseB = 1 and the quark composition would bessb
which is allowed in the quark model.

(b) This would be a meson becauseB = 0, but would have to have both an̄s and ab̄
quark. HoweverQ(s̄ + b̄) = 2/3, which is incompatible with the quark model and
anyway combinations of two antiquarks are not allowed. Thus this combination
is forbidden.

3.8 ‘Lowest-lying’ implies that the internal orbital angular momentum between the quarks
is zero. Hence the parity isP = + andψspace is symmetric. Since the Pauli princi-
ple requires the overall wavefunction to be antisymmetric under the interchange of
any pair of like quarks, it follows thatψspin is antisymmetric. Thus, any pair of
like quarks must have antiparallel spins, i.e. be in a spin-0 state. Consider all possible
baryon statesqqq, whereq = u, d, s. There are 6 combinations with a single like
pair: uud, uus, ddu, dds, ssu, ssd, with the spin ofuu etc equal to zero. Adding
the spin of the third quark leads to 6 states withJ P = 1

2
+

. In principle there could be
6 combinations with all three quarks the same:uuu, ddd, sss, but in practice these do
not occur because it is impossible to arrange all three spins in an antisymmetric way.
Finally, there is 1 combination where all three quarks are different:uds. Here there
are no restrictions from the Pauli principle, so theudpair could have spin 0 or spin 1.
Adding the spin of thes quark leads to 2 states withJ P = 1

2
+

and 1 withJ P = 3
2

+
.
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Collecting the results, gives an octet ofJ P = 1
2

+
states and a singletJ P = 3

2
+

state.
This is not what is observed in nature. In Chapter 5 we will see what additional
assumptions have to be made to reproduce the observed spectrum.

3.9 The ground state mesons all haveL = 0 andS = 0. Therefore they all haveP = −1.
Only in the case of the neutral pion is their constituent quark and antiquark also
particle and antiparticle. ThusC is only defined for theπ0 and isC = 1. For the
excited states,L = 0 still and thusP = −1 as for the ground states. However, the
total spin of the constituent quarks isS = 1 and so for theρ0, the only state for which
C is defined,C = −1.

For the excited states, by definition there is a lower mass configuration with the
same quark flavours. As the mass differences between the excited states and their
ground states is greater than the mass of a pion, they can all decay by the strong
interaction. In the case of the charged pions and kaons and the neutral kaon ground
states, there are no lower mass configurations with the same flavour structure and so
the only possibility is to decay via the weak interaction, with much longer lifetimes.

In the case ofρ0 decay, the initial state has a total angular momentum of 1 and since
the pions have zero spin, theππ final state must haveL = 1. While this is possible
for π+π−, for the case ofπ0π0 it violates the Pauli Principle and so is forbidden.

3.10 In the initial state,S = −1 andB = 1. To balance strangeness (conserved in strong
interactions) in the final stateS(Y−) = −2 and to balance baryon number,B(Y−) = 1.
As charm and bottom for the initial state are both zero, these quantum numbers are
zero for theY. The quark content is thereforedss.In the decay, the strangeness of
the � is S(�) = −1 and so strangeness is not conserved. This is therefore a weak
interaction and its lifetime will be the range 10−7 to 10−13 s.

3.11 The quark composition is� = uds. Now

(Su + Sd)2 = S2
u + S2

d + 2Su · Sd = 2h̄2

and hence

Su · Sd = h̄2/4.

Then, from the general formula (3.91), settingmu = md = m, we have

M� = 2m + ms +
b

h̄2

[

Su · Sd

m2
+

Sd · Ss + Su · Ss

mms

]

= 2m + ms +
b

h̄2

[

Su · Sd

m2
+

S1 · S2 + S1 · S3 + S2 · S3 − Su · Sd

mms

]

,

which using

S1 · S2 + S1 · S3 + S2 · S3 = −3h̄2/4

from (3.96), gives

M� = 2m + ms +
b

4

[

1

m2
−

4

mms

]

.

3.12 The initial reaction is strong because it conserves all individual quark numbers. The
�− decay is weak because strangeness changes by one unit and the same is true
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for the decays of the�0, K + andK 0. The decay of theπ+ is also weak because it
involves neutrinos and finally the decay of theπ0 is electromagnetic because only
photons are involved.

3.13 The Feynman diagram is shown in Figure F.9.

W+

K+

+

+

µ

u
s

Figure F.9

The two vertices where theW boson couples are weak interactions and have strengths√
αW. The remaining vertex is electromagnetic and has strength

√
αEM. So the overall

strength of the diagram isαW
√

αEM.

3.14 Reactions (a), (d) and (f) conserve all quark numbers individually and hence are strong
interactions. Reaction (e) violates strangeness and is a weak interaction. Reaction
(c) conserves strangeness and involves photons and hence is an electromagnetic
interaction. Reaction (b) violates both baryon number and electron lepton number
and is therefore forbidden.

3.15 The doublet ofS = +1 mesons (K +, K 0) has isospinI = 1
2, with I3(K +) = 1

2 and
I3(K 0) = − 1

2. The triplet of S = −1 baryons (�+, �0, �−) has I = 1, with I3 =
1, 0,−1 for �+, �0 and�−, respectively. Thus (K +, K 0) is analogous to the (p, n)
isospin doublet and (�+, �0, �−) is analogous to the (π+, π0, π−) isospin triplet.
Hence, by analogy with Equations (3.61a,b),

M(π− p→ �−K +) = 1
3M3/2 + 2

3M1/2,M(π− p→ �0K 0) =
√

2
3 M3/2 −

√
2

3 M1/2

and

M(π+ p → �+K +) = M3/2,

whereM1/2,3/2 are the amplitudes for scattering in a pure isospin stateI = 1
2, 3

2,
respectively. Thus,

σ (π+ p → �+K +) : σ (π− p → �−K +) : σ (π− p → �0K o)

=
∣

∣M3/2

∣

∣

2
: 1

9

∣

∣M3/2 + 2M1/2

∣

∣

2
: 2

9

∣

∣M3/2 − M1/2

∣

∣

2

3.16 Under charge symmetry,n(udd) ⇋ p(duu) and π+(ud̄) ⇋ π−(dū), and since
the strong interaction is approximately charge symmetry, we would expect
σ (π+n) ≈ σ (π− p) at the same energy, with small violations due to electromagnetic
effects and quark mass differences. However,K +(us̄) and K −(sū) are not charge
symmetric and so there is no reason whyσ (K +n) andσ (K − p) should be equal.
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Problems 4

4.1 In an obvious notation,

E2
CM = (Ee + Ep)2 − (pec + ppc)2

= (E2
e − p2

ec2) + (E2
p − p2

pc2) + 2EeEp − 2pe · ppc2

= m2
ec4 + m2

pc4 + 2EeEp − 2pe · ppc2

At the energies of the beams, masses may be neglected and so withp = |p|,

E2
CM = 2EeEp − 2peppc2 cos(π − θ ) = 2EeEp[1 − cos(π − θ )],

whereθ is the crossing angle. Using the values given, givesECM = 154 GeV. In a
fixed-target experiment, and again neglecting masses,

E2
CM = 2EeEp − 2pe · ppc2,

where

Ee = EL , Ep = mpc2, pp = 0.

Thus,ECM =
(

2mpc2EL
)1/2

and forECM = 154 GeV, this gives
EL = 1.26× 104 GeV.

4.2 For constant acceleration, the ions must travel the length of the drift tube in half a
cycle of the r.f. field. Thus,L = υ/2 f , whereυ is the velocity of the ion. Since the
energy is far less than the rest mass of the ion, we can use nonrelativistic kinematics
to findυ, i.e.υ = 4.01× 107 m s−1 and finallyL = 1 m.

4.3 A particle with massm, chargeq and speedυ moving in a plane perpendicular to a
constant magnetic field of magnitudeB will traverse a circular path with radius of
curvaturer = mυ/q Band hence the cyclotron frequency isf = υ/2πr = q B/2πm.
At each traversal the particle will receive energy from the r.f. field, so iff is kept
fixed, r will increase (i.e. the trajectory will be a spiral). Thus if the final energy is
E, the extraction radius will beR =

√
2mE/q B. To evaluate these expressions we

useq = 2e = 3.2 × 10−19 C, together with

B = 0.8 T = 0.45× 1030 (MeV/c2)s−1 C−1

and thusf = 6.15 MHz andR = 62.3 cm.

4.4 A particle with unit chargee and momentump in the uniform magnetic fieldB of
the bending magnet will traverse a circular trajectory of radiusR, given byp = BR.
If B is in Teslas,R in metres andp in GeV/c, thenp = 0.3BR. Referring to Figure
F.10, we have

θ ≈ L/R = 0.3LB/p and �θ = s/d = 0.3BL�p/p2.

Solving ford using the data given, givesd = 9.3 m.



P1: OTA

App_F JWBK353-Martin January 15, 2009 13:10 Printer: Yet to come

Solutions to Problems 407

L

R ∆θ

p

s

d

θ

Figure F.10

4.5 The Čerenkov condition isβn ≥ 1. For the pion to give a signal, but not the kaon,
we haveβπn ≥ 1 ≥ βK n. The momentum is given byp = mυγ , so eliminatingγ
gives

β = υ/c = (1 + m2c2/p2)−1/2.

For p = 20 GeV/c,βπ = 0.99997,βK = 0.99970, so the condition on the refractive
index is

3 × 10−4 ≥ (n − 1)/n ≥ 3 × 10−5.

Using the largest value ofn = 1.0003, we have

N = 2πα

(

1 −
1

β2
πn2

) (

1

λ1
−

1

λ2

)

as the number of photons radiated per metre, whereλ1 = 400 nm andλ2 = 700 nm.
Numerically,N = 26.5 photons/m and hence to obtain 200 photons requires a detector
of length 7.5 m. (You could also use

N = 2πα

(

1 −
1

β2
πn2

) (

λ2 − λ1

λ2

)

whereλ is the mean ofλ1 andλ2, which would give 24.5 photons/m and a length of
8.2 m.)

4.6 Luminosity may be calculated from Equation (4.7) for colliders,L = n N1 N2 f /A,
wheren is the number of bunches,N1,2 are the numbers of particles in each bunch,
A is the cross-sectional area of the beam andf is its frequency. We have,

n = 12, N1 = N2 = 3 × 1011, A = (2 × 10−4) cm2,

f = (3 × 1010/8π × 105)s−1,

so finallyL = 6.44× 1031 cm−2s−1.

4.7 aaaaaa(a) Theb quarks are not seen directly, but instead, they ‘fragment’ (hadronize) to
produceB-hadrons i.e. hadrons containingb quarks. So one characteristic is the
presence of hadrons with nonzero bottom quantum numbers. As these hadrons are
unstable and the dominant decay ofb quarks is toc quarks, a second characteristic
is the presence of hadrons with nonzero values of the charm quantum number.

We need to observe the point where thee+e− collision occurred and the point of
origin of the decay products of theB hadrons. The difference between these two is
due to the lifetime of theB hadrons. As the difference will be very small, precise
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position measurements are required. The daughter particles may be detected using
a silicon vertex detector and a MWPC. In addition, any electrons from the decays
could be detected by a MWPC or an electromagnetic calorimeter. The same is
true for muons in the decay products, except they are not readily detected in the
calorimeter as they are very penetrating. However, if a MWPC is placed behind
a hadron calorimeter then one can be fairly confident that any particle detected
is a muon, as everything else (except neutrinos) will have been stopped in the
calorimeter.

(b) In the electronic decay mode, the electron can be measured in both a MWPC
and an EM calorimeter. For high energies the better measurement is made in
the calorimeter. The neutrino does not interact unless there is a very large mass
of material (1000s of tons) and so its presence must be inferred by imposing
conservation of energy and momentum. In a colliding beam machine, the original
colliding particles have zero transverse momentum and a fixed energy. If one
adds up all the energy and momentum of all the final state particles, then any
imbalance compared to the initial system can be attributed to the neutrino.

For the muonic mode, the muon can be measured in the MWPC, but cannot be
measured well in the calorimeter because it only ionizes to a very small extent.
Since the muons only interact to a small extent they (along with neutrinos) are
generally the only particles that emerge from a hadronic calorimeter. So if a
signal is registered in a small MWPC placed behind a calorimeter then one can
be confident that the particle is a muon.

4.8 To be detected, the event must have 150◦ < θ < 30◦, i.e. | cosθ | < 0.866. Setting
x = cosθ , the fraction of events in this range is

f =
+0.866
∫

−0.866

dσ

dx
dx

/ +1.0
∫

−1.0

dσ

dx
dx = 0.812.

The total cross-section is given by

σ =
∫

dσ

d�
d� =

2π
∫

0

dφ

+1
∫

−1

d cosθ
dσ

d�
= 2π

α2h̄2c2

4E2
CM

+1
∫

−1

(

1 + cos2 θ
)

d cosθ.

Using ECM = 10 GeV, gives

σ = 4πα2h̄2c2/3E2
CM = 0.866 nb.

The rate of production of events is given byLσ and sinceL is a constant, the total
number of events produced will beLσ t = 86600.

The τ± decay too quickly to leave a visible track in the drift chamber. The
e+ and theµ− will leave tracks in the drift chamber and thee+ will produce a
shower in the electromagnetic calorimeter. If it has enough energy, theµ− will pass
through the calorimeters and leave a signal in the muon chamber. There will no signal
in the hadronic calorimeter.
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4.9 Referring to Figure F.11, the distance between two positions of the particle�t apart
in time isυ �t . The wave fronts from these two positions have a difference in their
distance travelled ofc�t/n.

1
2

2

3

3

p

(a)

p

ct/n

1 3
ct

(b)

Figure F.11

These constructively interfere at an angleθ , where

cosθ =
c�t/n

υ �t
=

1

β n
.

The maximum value ofθ corresponds to the minimum of cosθ and hence the maxi-
mum ofβ. This occurs asβ → 1, whenθmax = cos−1 (1/n). This value occurs in the
ultra-relativistic or massless limit.
The quantityβ may be expressed as

β = pc/E = pc(p2c2 + m2c4)−1/2.

Hence,

cosθ =
1

n

√

p2c2 + m2c4

pc
,

which, after rearranging, gives

x ≡ (mc2)2 = p2c2(n2 cos2 θ − 1).

Differentiating this formula gives

dx/dθ = −2p2c2n2 cosθ sinθ

and the error onx is then given byσx = |dx/dθ | σθ . For very relativistic particles,
the derivative can be approximated by usingθmax, for which

cosθmax = 1/n, sinθmax =
√

n2 − 1/n.
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Hence

σx ≈ 2p2c2n2 1

n

√
n2 − 1

n
σθ = 2p2c2

√

n2 − 1σθ .

4.10 The average distance between collisions of a neutrino and an iron nucleus is the mean
free pathλ = 1/nσν , wheren ≈ ρ/mp is the number of nucleons per cm3. Using the
data given,n ≈ 4.7 × 1024 cm−3 andσν ≈ 3 × 10−36 cm2, so thatλ ≈ 7.1 × 1010 cm.
Thus if 1 in 109 neutrinos is to interact, the thickness of iron required is 71 cm.

4.11 Radiation energy losses are given by−dE/dx = E/L R, whereLR is the radiation
length. This implies thatE = E0 exp(−x/L R), whereE0 is the initial energy. Using
the data given, givesE = 1.51 GeV. Radiation losses at fixedE are proportional to
m−2, wherem is the mass of the projectile. Thus for muons, they are negligible at
this energy.

4.12 The total cross-section isσtot = σel + σcap + σfission = 4 × 102 b and the at-
tenuation is exp(−nxσtot) where nx = 10−1NA/A = 2.56× 1023 m−2. Thus
exp(−nxσtot) = 0.9898, i.e. 1.02 % of the incident particles interact and of these
the fraction that elastically scatter is given by the ratio of the cross-sections, i.e.
0.75× 10−4. Thus the intensity of elastically scattered neutrons is 0.765 s−1 and
finally the flux at 5 m is 2.44× 10−3 m−2s−1.

4.13 The total centre-of-mass energy is given byECM ≈ (2mc2EL )1/2 = 0.23 GeV and so
the cross-section isσ = 1.64× 10−34 m2. The interaction length isl = 1/nσ , where
n is the number density of electrons in the target. This is given byn = ρNAZ

/

A,
where NA is Avogadro’s number and for lead,Z = 82 and A = 208. Thus
n = 2.7 × 1030 m−3 andl = 2.3 × 103 m.

4.14 The target containsn = 5.30× 1024 protons and so the total number of interactions
per second is

N = n × flux × σtot = (5.30× 1024) × (2 × 107) × (40× 10−31) = 424 s−1.

There are thus 848 photons per sec produced from the target.

4.15 For smallυ, the Bethe-Bloch formula may be written

S ≡ −
dE

dx
∝

1

υ2
ln

(

2meυ
2

I

)

with
dS

dυ
∝

2

υ3

[

1 − ln

(

2meυ
2

I

)]

.

The latter has a maximum forυ2 = eI/2me. Thus for a proton in iron we can use
I = 10Z eV = 260 eV, so that

Ep = 1
2mpυ

2 = mp I e/4me = 324 keV.

4.16 From (4.24), E(r ) = V
/

r ln(rc
/

ra) and at the surface of the anode this is
4023 kV m−1. Also, if Ethreshold(r ) = 750 kV m−1, then from (4.24)r = 0.107 mm
and so the distance to the anode is 0.087 mm. This contains 22 mean free paths
and so assuming each collision produces an ion pair, the multiplication factor is
222 = 4.2 × 106 = 106.6.
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Problems 5

5.1 We have

m = α + β + γ ≥ n = ᾱ + β̄ + γ̄ ,

where the inequality is because baryon numberB > 0. Using the values of the colour
chargesI C

3 andYC from Table 5.1, the colour charges for the state are:

I C
3 = (α − ᾱ)/2 − (β − β̄)/2

and

YC = (α − ᾱ)/3 + (β − β̄)/3 − 2(γ − γ̄ )/3.

By colour confinement, both these colour charges must be zero for observable hadrons,
which implies

α − ᾱ = β − β̄ = γ − γ̄ ≡ p and hence m − n = 3p,

where p is a non-negative integer. Thus the only combinations allowed by colour
confinement are of the form

(3q)p(qq̄)n (p, n ≥ 0).

It follows that a state with the structureqq is not allowed, as no suitable values ofp
andn can be found.

5.2 The most general baryon colour wavefunction is

χC
B = α1r1g2b3 + α2g1r2b3 + α3b1r2g3 + α4b1g2r3 + α5g1b2r3 + α6r1b2g3,

where theαi (i = 1, 2, . . ., 6) are constants. If we apply the operatorF̂1 to the first
term and use the relations

F̂1r = 1
2g, F̂1g = 1

2r, F̂1b = 0,

we have

α1F̂1(r1g2b3) = α1(F̂1r1)g2b3 + α1r1(F̂1g2)b3 + α1r1g2(F̂1b3)

=
α1

2
(g1g2b3 + r1r2b3) .

Similar contributions are obtained by acting witĥF1 on the other terms inχC
B and

collecting these together we obtain

F̂1 χC
B =

(α1 + α2)

2
(g1g2b3 + r1r2b3) +

(α3 + α4)

2
(b1g2g3 + b1r2r3)

+
(α5 + α6)

2
(g1b2g3 + r1b2r3) .

This is only compatible with the confinement conditionF̂i χ
C
B = 0 for i = 1 if

α1 = −α2 α3 = −α4 α5 = −α6

The full set of such conditions leads to the antisymmetric form (5.2).
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5.3 aaaaaa(a)

q

q

q
g

q

q

q

g

Figure F.12

(b)

p
q

q
Z0

p

Figure F.13

(c)

e-

e+

e

W-

W+

e-

e+

W-

W+

e

Figure F.14

(d)

e-

e+

g
d

b

b

B0

B0

d

Figure F.15

There are several other alternative diagrams. For example, the photon could pro-
duce a dd̄ pair and the gluon could be radiated by either the boson or the
antiboson.
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5.4 The Feynman diagram is shown in Figure F.16.

p
q

q
p

t

t

g

Figure F.16

The 4-momenta are:

P(p) = (E/c, p) and P( p̄) = (E/c,−p),

with

P2 = m2c2 = E2/c2 − p2 and m = mp = mp̄.

Now P(q) = (x E/c, xp) and P(q̄) = (x E/c,−xp) with x = 1
6, so

E2
CM = x2c2 [ P(p) + P( p̄)]2 = x2 (2m2c4 + 2E2 + 2p2c2) .

Neglecting the masses of the proton and the antiproton at these energies, gives

E = 3ECM and p = 3 × 350= 1050 GeV/c.

5.5 Energy-momentum conservation gives,

W2c4 = [(E − E′) + EP]2 − [(p − p) + P]2c2 = invariant mass squared ofX.

Using, Q2 = (p − p′)2 − (E − E′)2/c2 andM2c4 = E2
P − P2c2, where M is the

mass of the proton, gives

W2c4 = −Q2c2 + M2c4 + 2EP(E − E′) − 2P · (p − p′)c2.

Also, 2Mν ≡ W2c2 + Q2 − M2c2 and so, in the rest frame of the proton (P = 0,

EP = Mc2), ν = E − E′. Sincesomeenergy must be transferred to the outgoing
electron, it follows thatE ≥ E′, i.e. ν ≥ 0. Also, since the lightest stateX is the
proton,W2 ≥ M2. Thus,

2Mν = Q2 + (W2 − M2)c2 ≥ Q2.

From the definition ofx, it follows thatx ≤ 1. Finally, x > 0 because bothQ2 and
2Mν are positive.

5.6 By analogy with the QED formula, we have

Ŵ(3g) = 2(π2 − 9)α6
smcc

2/9π,

wheremc ≈ 1.5 GeV/c2 is the constituent mass of thec–quark. Evaluating this gives
αs = 0.31. In the case of the radiative decay,

Ŵ(ggγ ) = 2(π2 − 9)α4
sα

2mbc2/9π,

wheremb ≈ 4.5 GeV/c2 is the constituent mass of theb–quark. Evaluating this gives
αs = 0.32. (These values are a little too large because in practiceα in the QED
formulas should be replaced by4

3αs.)
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5.7 From (5.38a)

Fℓp
2 (x) = x

[

1
9

(

d + d̄
)

+ 4
9 (u + ū) + 1

9 (s + s̄)
]

and from (5.38b) and (5.39)

Fℓn
2 (x) = x

[

4
9

(

d + d̄
)

+ 1
9 (u + ū) + 1

9 (s + s̄)
]

,

so that

1
∫

0

[

Fep
2 (x) − Fen

2 (x)
]dx

x
=

1

3

1
∫

0

[

u(x) + ū(x)
]

dx −
1

3

1
∫

0

[

d(x) + d̄(x)
]

dx.

But summing over all contributions we must recover the quantum numbers of the
proton, i.e.

1
∫

0

[u(x) − ū(x)] dx = 2;

1
∫

0

[d(x) − d̄(x)] dx = 1.

Eliminating the integrals overu andd gives the Gottfried sum rule.

5.8 Substituting (5.22) into (5.23) and settingNC = 3, gives

R = 3(1+ αs/π )
∑

e2
q,

whereαs is given by (5.11) evaluated atQ2 = E2
CM and the sum is over those quarks

that can be produced in pairs at the energy considered. At 2.8 GeV theu,d andsquarks
can contribute and at 15 GeV theu, d, s, c andb quarks can contribute. EvaluatingR
then givesR ≈ 2.17 atECM = 2.8 GeV andR ≈ 3.89 atECM = 15 GeV. WhenECM

is above the threshold fort t̄ production,R rises toR = 5(1+ αs/π ). (This ignores
the effect of weak interactions, which are not negligible at these energies.)

5.9 The Breit-Wigner form is given in Equation (1.80). SettingSe = 1
2 and J = 1 (the

annihilation proceeds via photon exchange), gives

σ f ≡ σ (e+e− → f ) =
3πh̄2

4q2
e

·
ŴeeŴ f

(E − Mc2)2 + Ŵ2/4
,

whereM andŴ are the mass and total width ofR. Also qe ≈ ECM/2c = Mc2/2c, so

σ f =
3π (h̄c)2

(Mc2)2
·

ŴeeŴ f

(E − Mc2)2 + Ŵ2/4
.

Then, using the integral given,

∫

σµµ(E)dE ≈
6π2(h̄c)2

Ŵ(Mc2)2
Ŵ2

µµ = 10 nb· GeV
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and
∫

σh(E)dE ≈
6π2(h̄c)2

Ŵ(Mc2)2
ŴµµŴh = 300 nb· GeV,

so thatŴh = 30Ŵµµ. Now, Ŵ = Ŵee+ Ŵµµ + Ŵττ + Ŵh, which using lepton univer-
sality becomes

Ŵ = Ŵh + 3Ŵµµ = 33Ŵµµ.

Finally, from theŴh integrated cross-sections we have, usingŴ/Ŵh = 33/30,

Ŵµµ = 1.4 × 10−3 MeV and henceŴh = 4.2 × 10−2 MeV.

5.10 For elastic scattering,W2 = M2 and so from the definition (5.24) 2Mν = Q2 and
hence

x ≡ Q2/2Mν = 1.

From the definition

Q2 ≡ (p − p′)2 − (E − E′)2/c2,

we have

Q2 = p2 − 2p · p′ + p′2 − E2/c2 + 2EE′/c2 − E′2/c2.

If we ignore the lepton masses, thenp ≡ |p| = E/c and p′ ≡
∣

∣p′
∣

∣ = E′/c, so that

Q2 =
2EE′

c2
(1 − cosθ ).

Also, in the rest frame of the proton,ν = E − E′, so substituting this and the expres-
sion for Q2 into the relation 2Mν = Q2 gives the result.

5.11 A proton has the valance quark contentp = uud. Thus from isospin invariance theu
quarks in the proton carry twice as much momentum as thed quarks, which implies
a = 2b. In addition, we are told that

1
∫

0

x Fu(x)dx +
1

∫

0

x Fd(x)dx =
1

2

Using the form of the quark distributions witha = 2b givesa = 4
3 andb = 2

3.

5.12 The peak value of the cross-section is whereE = MWc2, i.e.

σmax =
π (h̄c)2(2/MWc2)2Ŵud̄

3Ŵ
=

4

3

π (h̄c)2

(MWc2)2
br(W+ → ud̄) = 84 nb.

The required integral is

σpp̄(s) =
1

∫

0

1
∫

0

σud̄(E)u(xu)d(xd)dxudxd
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where we have usedC-invariance to relate the distribution functions for protons and
antiprotons. In the narrow width approximation and using the quark distributions
from Question 5.11,

σpp̄(s) = C

1
∫

0

1
∫

0

(1 − xu)3

xu

(1 − xd)3

xd
δ

[

1 −
xus

(MWc2)2
xd

]

dxudxd

where

C ≡
8π

9

ŴW

MWc2
σmax and E2 = xuxds.

Thus,

σpp̄(s) = C

1
∫

k

(1 − xu)3

xu

(

1 −
k

xu

)3

dxu,

wherek ≡ (MWc2)2/s and the lower limit is becausek < xu < 1. The integral yields

σpp̄(s) =
8π

9

ŴW

MWc2
σmax

[

−(1 + 9k + 9k2 + k3) ln k − 11
3 − 9k + 9k2 + 11

3 k3
]

.

Evaluating this for
√

s = 1 TeV givesk = 0.00646 andσpp̄ = 10.1 nb which is about
a factor of two larger than experiment.

Problems 6

6.1 A charged current weak interaction is one mediated by the exchange of a charged
W± boson. A possible example isn → p + e− + ν̄e. A neutral current weak is one
mediated by a neutralZ0 boson. An example isνµ + p → νµ + p. Charged current
weak interactions do not conserve the strangeness quantum number, whereas neutral
current weak interaction do. Forνµ + e− → νµ + e−, the only Feynman diagram
that conserves bothLe andLµ is shown in Figure F.17.

µ
µ

e- e-

Z0

Figure F.17

which is a weak neutral current. However, forνe + e− → νe + e−, there are two
diagrams (see Figure F.18).
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e- e-

Z0

e-

e-
e e e

e

W+

Figure F.18

Thus the reaction has both neutral and charged current components and is not unam-
biguous evidence for weak neutral currents.

6.2 The lowest-order electromagnetic Feynman diagram is shown in Figure F.19.

e+

e- -

+

Figure F.19

The total cross-section is given by

σ =
2π
∫

0

dφ

1
∫

−1

d cosθ
dσ

d�
=

2πα2h̄2c2

4E2
CM

[

cosθ +
1

3
cos3 θ

]1

−1

=
4πα2h̄2c2

3E2
CM

= 0.44 nb.

The lowest-order weak interaction diagram is shown in Figure F.20.

e+

e- -

+

Z0

Figure F.20

With the addition of the weak interaction term,
(

dσ

d�

)

=
(

dσ

d�

)

em

+
(

dσ

d�

)

wk

=
α2h̄2c2

4E2
CM

[

1 + Cwk cosθ + cos2 θ
]

.

Then, using

σF = C
∫ 1

0

[

1 + Cwk cosθ + cos2 θ
]

d cosθ
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and

σB = C
∫ 0

−1

[

1 + Cwk cosθ + cos2 θ
]

d cosθ,

whereC ≡ 2πα2h̄2c2/4E2
CM, gives

σF = C

[

4

3
+

Cwk

2

]

and σB = C

[

4

3
−

Cwk

2

]

and so

AFB =
Cwk

2(4/3)
, i.e. 8AFB = 3Cwk.

6.3 The Feynman diagram is shown in Figure F.21.

u

W-

p

-

d
u
s

d

d

u
u

Figure F.21

The amplitude has two factors of the weak couplinggW and oneW propagator
carrying a momentumq, i.e.

amplitude∝
g2

W

q2c2 − M2
Wc4

∝
g2

W

M2
W

,

becauseqc ≈ M�c2 ≪ MWc2. Now,

Ŵ(� → pπ−) ∝ (amplitude)2 ∝ g4
W/M4

W

and so doublinggW and reducingMW by a factor of four will increase the rate by a
factor

[

24
]

/[

(

1
/

4
)4

]

= 4096.

6.4 The most probable energy is given by

d

dEe

(

dω

dEe

)

= 0,

which gives

2G2
Fm2

µ

(2π )3(h̄c)6

(

2Ee −
4E2

e

mµc2

)

= 0, i.e. Ee = mµc2/2.
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WhenEe ≈ mµc2/2, the electron has its maximum energy and the two neutrinos must
be recoiling in the opposite direction. Only left-handed particles (and right-handed
antiparticles) are produced in weak interactions. Since the masses of all particles
are neglected, states of definite handiness are also states of definite helicity, so the
orientations of the momenta and spins are therefore as shown:

pe

p

p

S

S

Sµ

Se

Figure F.22

Integrating the spectrum gives

Ŵ =
2G2

F (mµc2)2

(2π )3(h̄c)6

mµc2/2
∫

0

[

E2
e −

4E3
e

3mµc2

]

dEe =
G2

F (mµc2)5

192π3(h̄c)6
.

Numerically,Ŵ ≈ 3.0 × 10−19 GeV, which gives a lifetime
τ = h̄/Ŵ ≈ 2.2 × 10−6 s.

6.5 aaaaaa(a) In addition to the decayb → c + e− + ν̄e, there are two other leptonic decays
(ℓ = µ−, τ−) and by lepton universality they will all have equal decay rates. There
are also hadronic decays of the formb → c + X whereQ(X) = −1. Examining
the allowedWqq̄ vertices using lepton-quark symmetry shows that the only
forms thatX can have, if we ignore Cabibbo-suppressed modes, aredū andsc̄.
Each of these hadronic decays has a probability three times that of a leptonic
decay because the quarks exist in three colour states. Thus, there are effectively
6 hadronic channels and 3 leptonic ones. So finally,

BR(b → c + e− + ν̄e) = 1/9.

(b) The argument is similar to that of (a) above. Thus, in addition to the decay
τ− → e− + ν̄e + ντ , there is also the leptonic decayτ− → µ− + ν̄µ + ντ

with equal probability and the hadronic decaysτ− → ντ + X. In principle,
X = dū andsc̄, but the latter is not allowed becausems + mc > mτ . So the
only allowed hadronic decay isτ− → d + ū + ντ with a relative probability of 3
because of colour. So finally,

BR(τ− → e− + ν̄e + ντ ) = 1/5.

(The measured rate is 0.18, but we have neglected kinematic corrections.)

6.6 For neutrinos,gR(ν) = 0 andgL (ν) = 1
2. So,

Ŵνe = Ŵνµ
= Ŵντ

= Ŵ0/4,
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where

Ŵ0 =
GF M3

Zc6

3π
√

2(h̄c)3
= 668 MeV.

Thus the partial width for decay to neutrino pairs isŴν = 501 MeV. For quarks,

gR(u, c, t) = − 1
6 andgL (u, c, t) = 1

3.

Thus,Ŵu = Ŵc = 10
72Ŵ0. Also,

gR(d, s, b) = 1
12 and gL (b, s, d) = − 5

12.

Thus,Ŵd = Ŵs = Ŵb = 13
72Ŵ0. Finally,

Ŵq =
∑

i
Ŵi , wherei = u, c, d, s, b – no top quark because 2Mt > MZ . So,

Ŵq =
(

3 × 13

72
+

2 × 10

72

)

Ŵ0 =
59

72
Ŵ0 = 547 MeV.

Hadron production is assumed to be equivalent to the production ofqq̄ pairs fol-
lowed by fragmentation with probability unity. ThusŴhadron = 3Ŵq, where the
factor of three is because each quark exists in one of three colour states. Thus
Ŵhadron = 1641 MeV.

If there areNν generations of neutrinos withMν < MZ/2, so thatZ0 → νν̄ is
allowed, then

Ŵtot = Ŵhadron+ Ŵlepton+ NνŴνν̄

whereŴνν̄ is the width to a specificνν̄ pair. Thus

Nν =
Ŵtot − Ŵhadron− Ŵlepton

Ŵνν̄

=
(2490± 7) − (1738± 12)− (250± 2)

167
= 3.01± 0.05,

which rules out values ofNν greater than 3.

6.7 The quark compositions are:D0 = cū; K − = sū; π+ = ud̄. Since preferentially
c → s, we have

u

u
s

u

W+

K –

D 0

+

c

d

Figure F.23
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i.e. a lowest-order charge current weak interaction. However, forD+ → K 0 + π+,
we have

D+ = cd̄; K 0 = ds̄; π+ = ud̄.

Thus we could arrangec → d via W emission and theW+ could then decay toud̄,
i.e. π+. However, this would leave thēd quark in theD+ to decay to an̄s quark in
the K 0 which is not possible as they both have the same charge.

6.8 The relevant Feynman diagrams are shown in Figure F.24.

d
u

W-

μ

-

- q q
q

0

Figure F.24

In the case of the charged pion, there are two vertices of strength
√

αW, and there will
be a propagator

1

Q2 + M2
Wc2

≈
1

M2
Wc2

,

because the momentum transfer (squared)Q2 carried by theW is very small compared
to the mass of theW. Thus the decay rate will be proportional to

(√
αW

√
αW

M2
W

)2

=
α2

W

M4
W

.

In the case of the neutral pion, there are two vertices of strength
√

αem, but no
propagator with aW-mass factor. (The effective propagator will depend on the mass
of the quark.) Thus the decay rate will be proportional toα2

em and sinceαem ≈ αW,
the decay rate for the charged pion will be much smaller than that for the neutral
decay, i.e. the lifetime of theπ0 will be much shorter.

6.9 The two Feynman diagrams are shown in Figure F.25.

d
u

-

-

μ

W-
s
u

-

μ

W-

K -

Figure F.25

Using lepton-quark symmetry and the Cabibbo hypothesis, the two hadron vertices
are given by

gudW = gW cosθC and gusW = gW sinθC.
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So, if we ignore kinematic differences and spin effects, and useθC = 130, we would
expect the ratio of decay rates is given by

R =
Rate (K − → µ− + ν̄µ)

Rate (π− → µ− + ν̄µ)
∝

g2
usW

g2
udW

= tan2 θC ≈ 0.05

The measured ratio is actually about 1.3, which shows the importance of the neglected
effects. For example, theQ–value for the kaon decay is about 10 times that for pion
decay.

6.10 To a first approximation the difference in the two decay rates is due to two effects.
Firstly,�− → n + e− + ν̄e has|�S| = 1 and hence is proportional to sin2 θC, where
θC ≈ 130 is the Cabbibo angle, whereas�− → � + e− + ν̄e has|�S| = 0 and is
proportional to cos2 θC. Secondly, theQ–values are different for the two reactions.
Thus, using Sargent’s Rule,

R ≈
sin2 θC

cos2 θC

(

Q�n

Q��

)5

≈ 0.053

(

258

82

)5

= 16.6.

(The experimental value is 17.8.)

6.11 The required number of events produced must be 20,000, taking account of the
detection efficiency. If the cross-section is 60 fb= 6 × 10−38 cm2, then the integrated
luminosity required is

2 × 104/6 × 10−38 = (1/3) × 1042 cm−2

and hence the instantaneous luminosity must be 3.3 × 1034 cm−2s−1.
The branching ratio forZ0 → bb̄ is found from the partial widths to be 15 %.

Thus, if b quarks are detected, the much greater branching ratio forH → bb̄ will
help distinguish this decay from the background ofZ0 → bb̄.

6.12 By ‘adding’ an I = 1
2 particle to the initial state we can assume isospin invariance

holds. Consider�− + S0 → � + π−. The final state is|I = 1, I3 = −1〉 and so is
the initial state becauseI3(S0) = − 1

2. Thus the transition is pureI = 1 and the rate
is |M1|2. For�0 + S0 → � + π0, the final state is again pureI = 1 but with I3 = 0.
However the initial state is an equal mixture ofI = 0 andI = 1, i.e.

∣

∣�−S0
〉

= 1√
2
|I = 1, I3 = 0〉 ± 1√

2
|I = 0, I3 = 0〉

and so the rate is12 |M1|2. ThusR = 2. (The measured value is about 1.8.)

6.13 Integrating the differential cross-sections overy (from 0 to 1) gives for a spin-12 target
with a specific quark distribution

σNC(ν)

σCC(ν)
=





1
∫

0

[

g2
L + g2

R(1 − y)2
]

dy









1
∫

0

dy





−1

= g2
L + 1

3g2
R
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and

σNC(ν̄)

σCC(ν̄)
=





1
∫

0

[

g2
L (1 − y)2 + g2

R

]

dy









1
∫

0

(1 − y)2dy





−1

= g2
L + 3g2

R.

For an isoscalar target, we must add the contributions foru andd quarks in equal
amounts, i.e.

σNC(ν)

σCC(ν)
(isoscalar)= g2

L (u) + 1
3g2

R(u) + g2
L (d) + 1

3g2
R(d)

and

σNC(ν̄)

σCC(ν̄)
(isoscalar)= g2

L (u) + 3g2
R(u) + g2

L (d) + 3g2
R(d)

Substituting for the couplings finally gives for an isoscalar target

σ NC(ν)

σCC(ν)
= 1

2 − sin2 θW + 20
27 sin4 θW,

σ NC(ν̄)

σCC(ν̄)
= 1

2 − sin2 θW + 20
9 sin4 θW

6.14 The decay in question isB → Dℓνℓ and the appropriate matrix element isVcb. The
analogous formula for the lifetimeτB is therefore

1

τB
=

G2
F (mbc2)5

192π3h̄(h̄c)6

|Vcb|2

B(B → Dℓν)
,

where mb is the mass if the bottom quark, andB(B → Dℓν) is the branching
ratio.

UsingB = 0.11,τB = 1.6 × 10−12 s andmb ≈ 4.5 GeV/c2 from Appendix E, and
GF/(h̄c)3 = 1.17× 10−5 GeV−2, gives|Vcb| = 0.032. (The actual value is 0.04.)

6.15 Direct substitution, withA0 real, gives

M(K 0
S → π0π0) ≈

2N
√

3

[√
2ei δ2 ReA2 − ei δ0 A0

]

and

M(K 0
L → π0π0) ≈

2N
√

3

[

i
√

2ei δ2 ImA2 − εei δ0 A0

]

where second-order terms have been neglected. Thus

η00 =
ε − i

√
2ei� ImA2

/

A0

1 −
√

2ei� ReA2
/

A0

≈ ε − i
√

2 exp(i �)
ImA2

A0
,

where� ≡ δ2 − δ0 and again second-order terms have been neglected.
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Problems 7

7.1 For the7
3Li nucleus,Z = 3 andN = 4. Hence, from Figure 7.4, the configuration is:

protons:
(

1s1/2
)2 (

1p3/2
)1

; neutrons:
(

1s1/2
)2 (

1p3/2
)2

By the pairing hypothesis, the two neutrons in the 1p3/2 sub-shell will have a total
orbital angular momentum and spinL = S = 0 and henceJ = 0. Therefore they will
not contribute to the overall nuclear spin, parity or magnetic moment. These will be
determined by the quantum numbers of the unpaired proton in the 1p3/2 subshell.

This hasJ = 3
2 andl = 1, hence for the spin-parity we haveJ P = 3

2
−

. The magnetic
moment is given by

µ = jgproton = j + 2.3 (since j = l + 1
2) = 1.5 + 2.3 = 3.8 nuclear magnetons.

If only protons are excited, the two most likely excited states are:

protons:
(

1s1/2
)2 (

1p1/2
)1

; neutrons:
(

1s1/2
)2 (

1p3/2
)2

,

which corresponds to exciting a proton from thep3/2 subshell to thep1/2 subshell,
and

protons:
(

1s1/2
)−1 (

1p3/2
)2

; neutrons:
(

1s1/2
)2 (

1p3/2
)2

,

which corresponds to exciting a proton from thes1/2 subshell to thep3/2 subshell.

7.2 A state with quantum numberj = l ± 1
2 can contain a maximum number

N j = 2(2j + 1) nucleons. Therefore, ifN j = 16 if follows that j = 7
2 andl = 3 or 4.

But we know that the parity is odd and sinceP = (−1)l , it follows thatl = 3.

7.3 The configuration of the ground state is:

protons: (1s1/2)2(1p3/2)4(1p1/2)2(1d5/2); neutrons: (1s1/2)2(1p3/2)4(1p1/2)2

To get j P = 1
2

−
, one could promote ap1/2 proton to thed5/2 shell, giving:

protons: (1s1/2)2(1p3/2)4(1p1/2)−1(1d5/2)2.

Then by the pairing hypothesis, the twod5/2 protons could combine to givej P = 0+,
so that the total spin-parity would be determined by the unpairedp1/2 proton, i.e.

j P = 1
2

−
. Alternatively, one of thep3/2 neutrons could be promoted to thed5/2 shell,

giving

neutrons: (1s1/2)2(1p3/2)−1(1p1/2)2(1d5/2)

and thed5/2 proton andd5/2 neutron and could combine to givej P = 2+, so that when

this combines with the single unpairedj P = 3
2

−
neutron (the other twoj P = 3

2
−

neutrons would pair to givenj P = 0+), the overall spin-parity isj P = 1
2

−
. There are

other possibilities.

7.4 For93
41Nb, Z = 41 andN = 52. From the filling diagram Figure 7.4, the configuration

is predicted to be:

proton: . . . (2p3/2)4(1 f5/2)6(2p1/2)2(1g9/2)1; neutron: . . . (2d5/2)2.
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Sol = 4, j = 9
2 ⇒ j P = 9

2
+

(which agrees with experiment). The magnetic dipole
moment follows from the expression forjproton in (7.31) with j = l + 1

2, i.e.
µ = ( j + 2.3)µN = 6.8µN . (The measured value is 6.17µN .)

For 33
16S, Z = 17 andN = 17. From the filling diagram Figure 7.4, the configura-

tion is predicted to be:

proton: · · · (1d5/2)6(2s1/2)2; neutron: · · · (1d5/2)7(2s1/2)2(1d3/2)1.

Sol = 2, j = 3
2 ⇒ j P = 3

2
+

(which agrees with experiment). The magnetic dipole
moment follows from the expression forjneutron in (7.31) with j = l − 1

2, i.e.
µ = [(1.9 j )

/

( j + 1)]µN = 1.14µN . (The measured value is 0.64µN .)

7.5 From (7.32),

eQ =
∫

ρ(2z2 − x2 − y2)dτ

with ρ = Ze/( 4
3πb2a) and the integral is through the volume of the spheroid

(x2 + y2)/b2 + z2/a2 ≤ 1. The integral can be transformed to one over the volume
of a sphere by the transformationsx = bx′, y = by′ andz = az′. Then

Q =
3Z

4π

∫∫∫

dx′ dy′ dz′ (2a2z′2 − b2x′2 − b2y′2).

But

∫∫∫

x′2dx′ dy′ dz′ =
1

3

1
∫

0

r ′24πr ′2dr ′ =
4π

15
,

and similarly for the other integrals. Thus, by direct substitution,Q = 2
5 Z(a2 − b2).

7.6 From Question 7.5 we haveQ = 2
5 Z(a2 − b2) and using Z = 67 this gives

a2 − b2 = 13.1 fm2. Also, from Equation (2.32) we haveA = 4
3πab2ρ, where

ρ = 0.17 fm−3 is the nuclear density. Thus,ab2 = 231.7 fm3. The solution of these
two equations givesa ≈ 6.85 fm andb ≈ 5.82 fm.

7.7 From Equation (7.53),

t1/2 = ln 2/λ = aRln 2 exp(G),

wherea is a constant formed from the frequency and the probability of forming alpha
particles in the nucleus. Thus

t1/2(Th) = t1/2(Cf)R(Th)exp[G(Th) − G(Cf)]R(Cf).

The Gamow factors may be calculated from the data given. Some intermediate quan-
tities are:

R = 9.268 fm (Th), 9.439 fm (Cf),

(using R = 1.21(A1/3 + 41/3) and recalling that (Z, A) refers to the daughter nu-
cleus). These give

G = 66.4 (Th), 54.8 (Cf)
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and

t1/2(Th) = 0.98e11.6 × t1/2(Cf) ≈ 3.9 yr.

(The measured value is 1.9 yr.)

7.8 The J P values of the�0 and the� are both1
2

+
(see Chapter 3), so the photon has

L = 1 and as there is no change of parity the decay proceeds via an M1 transition.
The�0 hasJ P = 3

2
+

and again there is no parity change. Therefore both M1 and E2
multipoles could be involved, with M1 dominant (see Section 7.8.2). If we assume
that the reduced transition probabilities are equal in the two cases, then from Equation
(7.89), in an obvious notation,

τ (�0) =
[

Eγ (�0)

Eγ (�0)

]3

τ (�0).

Thus,

τ (�0) = (292
/

77)3 × (0.6 × 10−23)
/

0.0056= 5.8 × 10−20 s.

(The measured value is (7.4 ± 0.7) × 10−20 s.)

7.9 In the centre-of-mass system, the threshold for34S+ p → n + 34Cl is
6.45× (34/35) = 6.27 MeV. Correcting for the neutron-proton mass difference
gives the Cl-S mass difference as 5.49 MeV and since in the positron decay
34Cl → 34S+ e+ + νe, the energy released is

Q = M(A, Z) − M(A, Z − 1) − 2me,

the maximum positron energy is 4.47 MeV.

7.10 We need to calculate the fraction

F ≡





T0
∫

T0−�

I (T) dT









T0
∫

0

I (T) dT





−1

where� = 5 eV andI (T) = T1/2(T0 − T)2 with T0 = 18.6 keV. Evaluating the de-
nominator gives 16T7/2

0 /105 and using the integral given, the numerator isT1/2
0 �3/3.

Thus

F =
T1/2

0 �3

3
·

105

16T7/2
0

= 2.19

(

�

T0

)3

= 4.25× 10−11.

7.11 The mean energȳT is defined by

T̄ ≡





T0
∫

0

T dω(T)









T0
∫

0

dω(T)





−1

.

The integrals are:
∫

T3/2(T0 − T)2dT = 2
315T5/2

[

63T2
0 − 90T0T + 35T2

]
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and
∫

T1/2(T0 − T)2dT = 2
105T3/2

[

35T2
0 − 42T0T + 15T2

]

.

Substituting the limits gives̄T = 1
3T0, as required.

7.12 The possible transitions are as follows:

Initial Final L �P Multipoles

3
2

− 5
2

−
1, 2, 3, 4 No M1, E2, M3,. . .

3
2

− 1
2

−
1, 2 No M1, E2

5
2

− 1
2

−
2, 3 No E2, M3

From Figure 7.13, the dominant multipole for a fixed transition energy will be M1
for the 3

2
− → 5

2

−
and 3

2
− → 1

2
−

transitions and E2 for the52
− → 1

2
−

transition. Thus
we need to calculate the rate for a M1 transition withEγ = 178 keV. This can be
done using Equation (7.89) and givesτ1/2 ≈ 3.9 × 10−12 s. The measured value is
3.5 × 10−10 s, which confirms that the Weisskopf approximation is not very accurate.

7.13 Set L = 3 in (7.88a), substitute the result into (7.86) and useŴγ = h̄T to give
Ŵγ (E3) = (2.3 × 10−14)E7

γ A2 eV, whereEγ is expressed in MeV.

Problems 8

8.1 To balance the number of protons and neutrons, the fission reaction must be

n + 235
92U → 92

37Rb+ 140
55Cs+ 4n.

The energy released is the differences in binding energies of the various nuclei,
because the mass terms in the SEMF cancel out. We have, in an obvious notation,

�(A) = 3; �(A2/3) = −9.26; �

[

(Z − N)2

4A

]

= 0.28; �

[

Z2

A1/3

]

= 485.9.

The contribution from the pairing term is negligible (about 1 MeV). Using the nu-
merical values for the coefficients in the SEMF, the energy released per fission is
EF = 158.5 MeV. The power of the nuclear reactor is

P = nEF = 100 MW = 6.25× 1020 MeV s−1,

wheren is the number of fissions per second. Since one neutron escapes per fission
and contributes to the flux, the fluxF is equal to the number of fissions per unit area
per second, i.e.

F =
n

4πr 2
=

P

4πr 2EF
= 3.10× 1017 s−1 m−2.

The interaction rateR is given by

R = σ × F × (number of target particles).
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The latter is given bynT = n × NA, where is Avogadro’s number andn is found
from the ideal gas law to ben = PV/RT, whereR is the ideal gas constant. Using
T = 298 K , P = 1 × 105 Pa andR = 8.31 Pa m3 mol−1 K−1, givesn = 52.5 mol
and hencenT = 3.2 × 1025. Using the cross-sectionσ = 10−31 m2, the rate is
9.8 × 1011 s−1.

8.2 The neutron speed in the CM system is

υ − mυ
/

(M + m) = Mυ
/

(M + m)

and if the scattering angle in the CM system isθ , then after the collision the neutron
will have a speed

υ(m + M cosθ )
/

(M + m)

in the original direction and

Mυ sinθ
/

(M + m)

perpendicular to this direction. Thus the kinetic energy is

E(cosθ ) =
mυ2(M2 + 2mM cosθ + m2)

2(M + m)2

and the average value is

Efinal = Ē ≡





1
∫

−1

E(cosθ ) d cosθ









1
∫

−1

d cosθ





−1

= REinitial ,

where the reduction factor isR = (M2 + m2)/(M + m)2. For neutron scattering
from graphite, R ≈ 0.86 and afterN collisions the energy will be reduced to
Efinal = RN Einitial . The average initial energy of fission neutrons from235U is
2 MeV and to thermalize them their energy would have to be reduced to about
0.025 eV. Thus

N ≈ ln(Efinal
/

Einitial )
/

ln(0.86) ≈ 120.

8.3 From (1.57a), for the fission of235U, Wf = JN(235)σ f and the total power output
is P = Wf E f , whereE f is the energy released per fission. For the capture by238U,
Wc = JN(238)σc. Eliminating the fluxJ, gives

Wc =
N(238)σc

N(235)σ f

(

P

E f

)

.

Using the data supplied, givesWc = 1.08× 1019 atoms s−1 ≈ 135 kg y−1.

8.4 Consider fissions occurring sequentially separated by a small time intervalδt . The
instantaneous power is the sum of the power released from all the fissions up to that
time. If E is the energy released in each fission, then over the lifetime of the reactor, i.e.
up to timeT , the power is given byP0 = nE/T , wheren is the total number of fissions
andδt = E/P0. The power after some timet after the reactor has been shut down is

P(t) = 3(T + t)−1.2 + 3(T + t − δt)−1.2 + 3(T + t − 2δt)−1.2 · · · 3t−1.2.
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In this formula, the first term is the power released from the first fission and the last
term is the power released from the last fission before the reactor was shut down. To
sum this series, we convert it to an integral:

P(t) = 3
n=P0T E
∑

n=0

(T + t − nE P0)−1.2 ≈ 3

T P0/E
∫

0

(T + t − nE/P0)−1.2dn.

Settingu = (T + t − nE/P0), gives

P(t) = −3
P0

E

t
∫

T+t

u−1.2 du = 0.075P0
[

t−0.2 − (T + t)−0.2
]

.

UsingT = 1 yr andt = 0.5 yr, gives a power output of approximately 1.1 MW after
six months.

8.5 The PPI chain overall is:

4(1H) → 4He+ 2e+ + 2νe + 2γ + 24.68 MeV.

Two corrections have to be made to this. Firstly, the positrons will annihilate with
electrons in the plasma releasing a further 2mec2 = 1.02 MeV per positron. Sec-
ondly, each neutrino carries off 0.26 MeV of energy into space that will not be de-
tected. So, making these corrections, the total output per hydrogen atom is 6.55 MeV.
The total energy produced to date is 5.60× 1043 Joules= 3.50× 1056 MeV. Thus,
the total number of hydrogen atoms consumed is 5.34× 1055 and so the fraction
of the Sun’s hydrogen used is 5.9% and as this corresponds to 4.6 billion years,
the Sun has another 73 billion years to burn before its supply of hydrogen is
exhausted.

8.6 A solar constant of 8.4 J cm−2 s−1 is equivalent to 5.25× 1013 MeV cm−2 s−1 of
energy deposited. If this is due to the PPI reaction

4(1H) → 4He+ 2e+ + 2νe + 2γ,

then this rate of energy deposition corresponds to a flux of
(

5.25× 1013/2 × 6.55
)

≈ 4 × 1012 neutrinos per cm2 per second.

8.7 For the Lawson criterion to be just satisfied, from (8.47),

L =
nd 〈σdtυ〉 tcQ

6kT
= 1.

We havekT = 10 keV and from Figure 8.7 we can estimate〈σdtυ〉 ≈ 10−22 m3 s−1.
Also, from (8.46),Q = 17.6 MeV. So, finally,nd = 6.8 × 1018 m−3.

8.8 The mass of ad-t pair is 5.03 u= 8.36× 10−24 g. The number ofd-t pairs in a 1 mg
pellet is therefore 1.2 × 1020. From (8.46), eachd-t pair releases 17.6 MeV of energy.
Thus, allowing for the efficiency of conversion, each pellet releases 5.3 × 1026 eV.
The output power is 750 MW= 4.7 × 1027 eV/s. Thus the rate of pellets required is
8.9 ≈ 9 per sec.

8.9 Assume a typical body mass of 70 kg, roughly half of which is protons. This cor-
responds to 2.1 × 1028 protons and after 1 yr the number that will have decayed
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is 2.1 × 1028[1 − exp(−1/τ )], whereτ is the lifetime of the proton in years. Each
proton will eventually deposit almost all of its rest energy, i.e. approximately 0.938
GeV, in the body. Thus in 1 yr the total energy in Joules deposited per kg of body
mass would be 4.5 × 1016[1 − exp(−1/τ )] and this amount will be lethal if greater
than 5 Gy. Expanding the exponential gives the result that the existence of humans
impliesτ > 0.9 × 1016 yr.

8.10 The approximate rate of whole-body radiation absorbed is given by Equation (8.54a).
Substituting the data given, we have

dD

dt
(µSvh−1) =

A(MBq) × Eγ (MeV)

6r 2(m2)
= 1.67× 10−2µSv h−1

and so in 18 h, the total absorbed dose is 0.30 µSv.

8.11 If the initial intensity is I0, then from Equation (4.17), the intensities after passing
through the bone (surrounded by tissue),Ib, and tissue onlyI t , are

Ib ≈ I0 exp[−(µbb + 2µt t)] and I t ≈ I0 exp[−µt (b + 2t)].

Thus

R = exp[−b(µb − µt )] = 0.7

and hence

b = − ln(0.7)/(µb − µt ) = 2.5 cm.

8.12 From Figure 4.8, the rate of ionization energy losses is only slowly varying for
momenta above about 1 GeV/c and given that living matter is mainly water and
hydrocarbons a reasonable estimate is 3 MeV g−1 cm2. Thus the energy deposited in
one year is 2.37× 109 MeV kg−1, which is 3.8 × 10−4 Gy.

8.13 In general, the nuclear magnetic resonance frequency isf = |µ| B/ jh. The numerical
input we use is:j = 5

2, B = 2 T, µ = 3.46 µN, giving f = 10.8 MHz.

Problems B

B.1 aaaaaa(a) From the definitions ofs, t andu, we have

(s + t + u)c2 = (p2
A + 2pA pB + p2

B) + (p2
A − 2pA pC + p2

C)

+ (p2
A − 2pA pD + p2

D),

which usingp2
A = m2

Ac2 etc, becomes

(s + t + u)c2 = 3m2
Ac2 + m2

Bc2 + m2
Cc2 + m2

Dc2 + 2pA(pB − pC − pD).

But from 4-momentum conservation,pA + pB = pC + pD, so that

(s + t + u)c2 = 3m2
Ac2 + m2

Bc2 + m2
Cc2 + m2

Dc2 − 2p2
A
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and hence

(s + t + u) =
∑

j =A,B,C,D

m2
j .

(b) From the definition oft ,

c2t = p2
A + p2

C − 2pA pC = m2
Ac2 + m2

Cc2 − 2

(

EAEC

c2
− pA · pC

)

.

For elastic scattering,A ≡ C. ThusEA = EC and|pA| = |pC| = p, so thatpA ·
pC = p2 cosθ . Then

c2t = 2m2
Ac2 − 2

(

E2
A/c2 − p2 cosθ

)

and usingE2
A = p2c2 + m2

Ac4, givest = −2p2(1 − cosθ )/c2.

B.2 Energy conservation givesEπ = Eµ + Eν , where

Eπ = γ mπc2, Eµ = c(m2
µc2 + p2

µ)1/2, Eν = pνc

and hence
(

γ mπc2 − pνc
)2 = c2

(

m2
µc2 + p2

µ

)

. (1)

But 3-momentum conservation gives

pµ cosθ = pπ = γ mπυ, pµ sinθ = pv = Eν/c. (2)

Eliminating pµ and pν between (1) and (2) and simplifying, gives

tanθ =
(m2

π − m2
µ)

2βγ 2m2
π

.

B.3 Conservation of 4-momentum ispµ = pπ − pν , from which
p2

µ = p2
π + p2

ν − 2pπ pν . Now p2
j = m2

j c
2 for j = π,µ andν, and

pπ pv =
Eπ Eν

c2
− pπ · pν = mπ Eν = mπ |pν | c,

becausepπ = 0 andEπ = mπc2 in the rest frame of the pion. But|pν | =
∣

∣pµ

∣

∣ ≡ p
because the muon and neutrino emerge back-to-back. Thus,p = (m2

π − m2
µ)c/2mπ .

But p = γ mµυ, from whichυ = pc(p2 + m2
µc2)−1/2. Finally, substituting forpgives

υ =

(

m2
π − m2

µ

m2
π + m2

µ

)

c.

B.4 By momentum conservation, the momentum components ofX0 are:

px = −0.743 (GeV/c), py = −0.068 (GeV/c), pz = 2.595 (GeV/c)

and hencep2
X = 7.291. Also,

p2
A = 4.686 (GeV/c)2 and p2

B = 0.304 (GeV/c)2.
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Under hypothesis (a):

EA = (m2
πc4 + p2

Ac2)1/2 = 2.169 GeV and

EB = (m2
K c4 + p2

Bc2)1/2 = 0.740 GeV.

ThusEX = 2.909 GeV andMX = (E2
X − p2

Xc2)1/2c−2 = 1.082 GeV/c2.
Under hypothesis (b):

EA = (m2
pc4 + p2

Ac2)1/2 = 2.359 GeV and

EB = (m2
πc4 + p2

Bc2)1/2 = 0.569 GeV.

ThusEX = 2.928 GeV andMX = (E2
X − p2

Xc2)1/2c−2 = 1.132 GeV/c2.
SinceMD = 1.86 GeV/c2 andM� = 1.12 GeV/c2, the decay is� → p + π−.

B.5 If the 4-momenta of the initial and final electrons arep = (E/c, q) and
p′ = (E′/c, q′), respectively, the squared 4-momentum transfer is defined by

Q2 ≡ −(p′ − p)2 = −2m2c2 + 2EE′/c2 − 2q · q′.

But E = E′ and |q| =
∣

∣q′
∣

∣ ≡ q, so neglecting the electron mass,
Q2 ≈ 2q2(1 − cosθ ). The laboratory momentum may be found from (B.36):

q2 =
c2

4m2
P

[

s − (mP − me)
2
] [

s − (mP + me)
2
]

≈
c2(s − m2

P)2

4m2
P

,

where the invariant mass squareds is defined bys ≡ (p + P)2/c2 and P is the
4-momentum of the initial proton, i.e.P = (mPc, 0). Thus,

s = m2
e + m2

p + 2mpE/c2 ≈ m2
P + 2mpE/c2.

Substituting into the expression forQ2 gives

Q2 ≈ 2E2(1 − cosθ )/c2.

B.6 The total 4-momentum of the initial state is

ptot =
[(

E + mpc2
)

/c, pL
]

.

Hence the invariant massW is given by

(Wc2)2 = (EL + mpc2)2 − p2
Lc2,

wherepL ≡ |pL |. The invariant mass squared in the final state evaluated in the centre-
of-mass frame has a minimum value (4mp)2 when all four particles are stationary.
Thus,Emin is given by

(Emin + mpc2)2 − p2
Lc2 = (4mpc2)2

which expanding and using

E2
min − p2

Lc2 = m2
pc4,

givesEmin = 7mpc2 = 6.6 GeV.
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For a bound proton, the initial 4-momentum of the projectile is (E′
L/c, p′

L ) and that
of the target is (E/c,−p), wherep is the internal momentum of the nucleons, which
we have taken to be in the opposite direction of the beam because this gives the
maximum invariant mass for a givenE′

L . The invariant massW′ is now given by

(W′c2)2 = (E′
L + E)2 − (p′

L − p)2c2 = 2m2
pc4 + 2E E′

L + 2pp′
Lc2.

Since the thresholdsEmin andE′
min correspond to the same invariant mass 4mp, we

have

2mpc2Emin = 2E E′
min + 2pp′

minc
2.

Finally, since the internal momentum of the nucleons is∼ 250 MeV/c (see Chapter
7), E ≈ mpc2, while for the relativistic incident protonsp′

min ≈ E′
min/c, so using

these gives

E′
min ≈

(

1 − p/mpc
)

Emin = 4.8 GeV.

B.7 The initial total energy is Ei = EA = mAc2 and the final total energy is
E f = EB + EC, where

EB = (m2
Bc4 + p2

Bc2)1/2, and EC = (m2
Cc4 + p2

Cc2)1/2,

with pB = |pB| andpC = |pC|. But by momentum conservation,pB = −pC ≡ p and
so

[

mAc2 − (m2
Bc4 + p2c2)1/2

]2 =
(

m2
Cc4 + p2c2

)

,

which on expanding givesEB =
(

m2
A + m2

B − m2
C

)

c2/2mA.

B.8 If the 4-momenta of the photons arepi = (Ei /c, pi )(i = 1, 2), then the invariant mass
of M is given by

M2c4 = (E1 + E2)2 − (p1 + p2)c2 = 2E1E2(1 − cosθ ),

since
p1 · p2 = E1E2(1 − cosθ )/c2 for zero-mass photons. Thus,

cosθ = 1 − M2c4/2E1E2.

B.9 A particle with velocity υ will take time t = L/υ to pass between the two
counters. Relativistically,p = mυγ with γ = (1 − υ2/c2)−1/2. Solving, gives
υ = c(1 + m2c2/p2)−1/2 and hence the difference in times-of-flight (assuming
m1 > m2) is

�t =
L

c

[

(

1 +
m2

1c2

p2

)1/2

−
(

1 +
m2

2c2

p2

)1/2
]

Using

m1c2 = mpc2 = 0.938 GeV, m2c2 = mπc2 = 0.140 GeV and pc = 2 GeV,

gives�t = (1.105− 1.002)(L/c) andLmin = 0.58 m.
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B.10 In an obvious notation, the kinematics in the lab frame are:

γ (Eγ , pγ ) + e−(mc2, 0) → γ (E′
γ , p′

γ ) + e−(E, p).

Energy conservation givesEγ + mc2 = E′
γ + E and momentum conservation gives

pγ = p′
γ + pe. From the latter we have

E2
e − m2c4 = c2(p2

γ + p
′2
γ − 2pγ .p′

γ ).

But pγ c = Eγ , p′
γ c = E′

γ and the scattering angle isθ , so we have

E2
e − m2c4 = E2

γ + E
′2
γ − 2Eγ E′

γ cosθ.

EliminatingE between this equation and the equation for energy conservation gives

E′
γ = Eγ [1 + Eγ (1 − cosθ )

/

mc2]−1.

Finally, usingE′
γ = Eγ /2 andθ = 600, givesEγ = 2mc2 = 1.02 MeV.

Problems C

C.1 The assumptions are: ignore recoil of target nucleus because its mass is much greater
than the total energy of the projectileα particle; use nonrelativistic kinematics because
the kinetic energy of theα particle is very much less than its rest mass; assume
Rutherford formula (i.e. the Born approximation) is valid for small-angle scattering.
The relevant formula is then (C.13) and it may be evaluated usingz = 2, Z = 83,
Ekin = 20 MeV andθ = 200. The result is dσ/d� = 98.3 b/sr.

C.2 From Figure C.2, the distance of closest approachd is whenx = 0. Forx < 0, the
sum of the kinetic and potential energies isEke = 1

2mυ2 and the angular momentum
is mυb. At x = 0, the total mechanical energy is

mu2

2
+

Zze2

4πε0d

and the angular momentum ismud, whereu is the instantaneous velocity. From
angular momentum conservation,u = υb/d and using this in the conservation of total
mechanical energy givesd2 − Kd − b2 = 0, where, using (C.9),K ≡ 2b/cot(θ2).
The solution ford ≥ 0 is

d = b
[

1 + cosec(θ
/

2)
]/

cot(θ
/

2).

C.3 The result for small-angle scattering follows directly from (C.9) in the limitθ → 0.
Evaluatingb, we have, using the data given,

b =
zZe2

2πε0mυ2θ
= 2zZ

(

e2

4πε0h̄c

)

h̄c

mc2

1

(υ/c)2θ
= 1.55× 10−13 m.

The cross-section for scattering through an angle greater than 50 is thus
σ = πb2 = 7.55× 10−26 m2 and the probability that the proton scatters through
an angle greater than 50 is P = 1 − exp(−nσ t), wheren is the number density of the
target. Usingn = 6.658× 1028 m−3, givesP = 4.91× 10−2. SinceP is very small
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but the number of scattering centres is very large, the scattering is governed by the
Poisson distribution and the probability for a single scatter is

P1(m) = me−m = 4.91× 10−2, giving m ≈ 0.052.

Finally, the probability for two scattering is

P2 = m2 exp(−m)
/

2! ≈ 1.3 × 10−3.




